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12  iPONSORlNtMIunAR'*  A t T I V IT  T 


li  abstract 


In  addition  to  being  of  interest  for  its  own  sake,  the  study  of  random 
graphs  provides  the  combinatorial  foundation  for  investigations  of  the 
average-case  behavior  of  various  graph-theoretic  algorithms.  The  present 
paper  deals  with  the  family  B(m,n,E)  of  all  labeled  bipartite  graphs  that 

have  m nodes  in  the  first  part  and  n nodes  in  the  second  part,  with 
exactly  E edges.  The  main  result  is  that  if  the  positive  integers 
m(l),  m(2),...,  E(l),  E(2),...  are  such  that  m(n)  s n,  E(n)  s m(n)n,  and 
lim  inf  n -*■  °°  E (n)/(n  log  n)  > 1,  then  the  probability  that  a random  member 
of.  B(m(n),  n,  E(n))  is  connected  converges  to  1 as  n -*•  <».  Results  on 
isolated  nodes  and  on  diameters  are  also  obtained. 
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RANDOM  BIPARTITE  GRAPHS:  CONNECTEDNESS,  ISOLATED  NODES,  DIAMETERS 


VICTOR  KLEE  and  DAVID  LARMAN 


Abstract  Let  B(m,n,E)  denote  the  family  of  all  labeled  bipartite  graphs  that 

have  m nodes  in  the  first  part  and  n nodes  in  the  second,  with  exactly  E 

edges.  If  the  positive  integers  m(l),  m(2),-*-  and  E(l),  E(2),«**  are  such 

that  m(n)  /jf)n  and  E(n)  <m(n)n  for  all  n,  and  lim  inf  -^E(n)/(n  log  n)  > 1, 

then  the  probability  that  a random  member  of  B(m(n) ,n,E(n) ) is  connected  converges  to  1 

as  n^  ^ Results  on  isolated  nodes  and  on  diameters  are  also  obtained. 
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For  1 < m s n < <»,  let  B(m,n)  denote  the  family  of  all  graphs  with  node-set 
{1 ,• • • ,m+n) , each  edge  being  of  the  form  (i,j)  for  some  i e M = {!,•••, m)  and 
j £ N = {m+1 , • • • ,m+n} . In  other  words,  B(m,n)  is  the  family  of  all  labeled  bi- 
partite graphs  that  have  m nodes  in  the  small  part  and  n nodes  in  the  large  part. 
For  0 s E < mn,  let  B(m,n,E)  denote  the  family  of  all  members  of  B(m,n)  that 
have  exactly  E edges.  Note  that  |B(m,n)|  = 2mn  and  |B(m,n,E)|  = (T). 

All  members  of  B(m,n)  are  given  the  same  weight,  so  the  probability  that  a 
random  member  of  B(m,n,E)  has  property  P is  merely  Bp(m,n,E)  /(T),  where 
Bp(m,n,E)  is  the  set  of  all  members  of  B(m,n,E)  that  have  P.  In  studying  random 
bipartite  graphs,  it  seems  appropriate  to  focus  on  B(m,n,E)  rather  than  B(m,n), 
because  graphs  occurring  in  practical  problems  are  apt  to  be  sparse.  For  the  many 
bipartite  graphs  that  arise  naturally  in  problems  from  operations  research  or 
computer  science,  a specific  division  of  the  nodes  into  two  parts  is  usually  imposed 
by  the  problem  itself.  Thus  it  is  appropriate  to  focus  on  B(m,n,E)  rather  than 
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the  set  of  all  bipartite  members  of  G(n,E),  where  this  denotes  the  family  of  all 
graphs  with  node-set  { 1 » * • * ,n}  and  exactly  E edges. 

Our  main  result  deals  with  connectedness.  It  is  a bipartite  relative  of  the 
theorem  of  Erdfls  and  Renyi  [1]  asserting  that  if  x is  constant  and 
Ex(n)  = [jr  log  n + xnj  for  all  n,  then  the  probability  that  a random  member  of 

G(n,Ex(n))  is  connected  converges  to  exp(-e  ) as  n ®. 

Our  methods  are  in  part  inspired  by  theirs. 

THEOREM  1 If  the  positive  integers  m(l),  m(2),>«*  and  E(l),  E(2),*--  are  such 
that  m(n)  s n and  E(n)  < m(n)n  for  all  n,  and  lim  infrH<o  E(n)/(n  log  n)  > 1 , 
then  the  probability  that  a random  member  of  B(m(n) ,n,E(n) ) is  connected 
converges  to  1 as  n -*■  °° . 

For  any  finite  family  G of  graphs,  let  K(G)  denote  the  probability  that  a 
random  member  of  G is  connected.  For  each  positive  integer  r,  let  Cr(G)  denote 
the  probability,  for  a random  member  G of  G,  that  each  component  of  G has  at  least 
r nodes,  and  let  D (G)  denote  the  probability  that  G is  of  diameter  s r.  If  all 
members  of  G have  precisely  s nodes,  and  if  we  follow  the  usual  convention  that 
disconnected  graphs  are  of  infinite  diameter,  then 

C2  2 C3  2 2 C (ts+1  )/2] Cs  * K * Ds-1  2 "•  2 D3  2 °2  ' 

Our  second  result  concerns  C2(B(n,n,E)) . It  implies  that  Theorem  I's  conclusion 
fails  if  E increases  much  less  rapidly  than  is  required  in  the  hypothesis  of 
Theorem  1. 

2 

THEOREM  2 If  the  positive  integers  E(l),  E(2),--  are  such  that  E(n)  < n for  all 
n,  and  lim  (E(n)/n)  - log  n = x < «>,  then  the  probability  that  a random  member 
of  B(n,n,E(n))  has  no  isolated  node  converges  to  exp(-2e~x)  as  n -►  ® . 
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Our  third  result  deals  with  diameters. 

THEOREM  3 If  the  positive  integers  m(l ),  m(2),- ••  are  such  that  m(n)  s n for  all 
n,  and  11m  (log  n)/m(n)  * 0,  then  the  probability  that  a random  member  of 
B(m(n),n)  U of  diameter  3 converges  to  1 as  n . 

There  Is  a large  gap  between  this  result  and  Theorem  1,  which  concerns  the 
probability  that  the  diameter  Is  finite.  Most  of  the  gap  is  filled  by  the  following 
conjecture,  which  we  have  not  proved. 

CONJECTURE  If  the  positive  integers  r,  m(l),  E(l),  E(2) , * - - are  such  that 

m(n)  i n and  E(n)  s m(n)n  for  ajl  n,  and 

lim  ^ E(n)2r‘2/m(n)r‘1nr  * 0 and  1imn—  (E(n)2r/m(n)rnr+1 ) - log  n = *., 

then  the  probability  that  a random  member  of  B(m(n),n,E(n))  is  of  diameter 
2r  or  2r+l  converges  to  1 as  n ■*  ® . 
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Elementar^JEstimat^ 

This  section  collects  some  elementary  estimates  that  are  used  throughout  the 
paper  and  are  henceforth  referred  to  by  number.  We  use  the  combinatorial  inequalities 


(£)s  -rr-  for  1 i k j n 


(mj^W)/(j!j)  s (1  - jj[)  for  1 < N < m-w  and  0 * w < m. 


the  analytic  inequality 


1 + x s e for  all  x. 


and  the  fact  that  for  0 * |x|  < y , 

log(l  - * = (y-x)(-^=1  -\)  = -x  * "k=2  T^T  ' 

ky  y 

When  the  functions  a and  t*  are  defined  for  positive  integers, 

a - t>  means  linr  a(n)/t*(n)  = 1 
n-*<* 

and  a -<  $ means  a(n)  < $(n)  for  all  sufficiently  large  n. 

We  use  the  Stirling-de  Moivre  estimate, 

n*.  * JR  nn+Ven 

and  the  following  consequences  of  (4)  and  (5): 
if  0 s s < o(N)  then 


0) 

(2) 

(3) 


(4) 


(5) 


T ' N$  exp(‘Ek«2  1^7  -Riy)  as 


(6) 


if  0 s w s o(m)  then 


l"!l *)i 
m! 


I 

' m‘W  exP(rk-2  kTFT)  mTT)  as  m 


(7) 
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Since  e(s,t)  * s ( 1 og  m - E/m)  + t(log  n - E/n  + 2Es/mn), 
it  follows  from  (9)  that  for  all  sufficiently  large  n, 

6(s,t)  < s ( 1 og  m - -n  n)  ♦ t (log  n - ( log  n ♦ 2,-.  ^ log  n) 


s s(l  - 4) log  n + t(l  - 4 + 2;  log  n 


for  all  s and  t and  hence  p(s,t)  <0  if  s < tm.  Similarly, 


s(s,t)  - s ( 1 og  m - £ + ) ♦ t(log  n - £), 


so  (9)  implies  that  for  all  sufficiently  large  n, 

o(s,t)  < s(log  m - -°-jJ--(in  - 2;t))  + t ( 1 - 4)  log  n 

for  all  s and  t and  hence  s(s,t)  < 0 if  t < pn.  That  settles  (a)  if 
s < pm  or  t < pm. 

To  complete  the  proof  of  (a)  there  remains  the  case  in  which 

pm  s s i m/2  and  pn  < t * n/2  . (16) 

Recalling  that  the  left  side  of  (5)  always  exceeds  the  right,  we  see  that 

jiyr  < exp(s  + t - (s+'2)log  m - (t+S^log  n + A1 ) (17) 

where  = -log(2r)  + (s+S)log  (m/s)  + (t+ls)log  (n/t) 


and  hence  A^  < B1  = -log(2n)  - (s+t+l)log  p 

By  (14), (15)  and  (17), 

a(s,t)  s exp(s  + t - lj(log  m + log  n)  + B1 


- Eb/mn), 


(18) 


(19) 


where  by  (9), (11)  and  (16)  it  is  true  with  1 < 4' 


< £ 


that 
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Eb/mn  >-  1 og  n)((n-t)s  ♦ (m-s)t) 


r ,*■  • ♦ r * r * 

i -^-log  n + -iplog  n > ^-(s+t)log  n. 

Hence  by  ( 18 ) - (20 ) and  the  fact  ttakt  £'  > S(c'+ 1), 
a( s, t ) «<  exp(-‘4(f  '+1  )(s+t)log  n). 

Since  \»U'+1)  > S»  it  then  follows  with  the  aid  of  (5)  that 

aU.t)  - ts7g-T  -pg-i  • 

That  completes  the  discussion  of  (a),  and  we  turn  to  (b). 
Since,  by  (1 ) , 

(!h!)  ^ 


(20) 


lsMt;  * Tm-s)T  tl 


we  conclude  from  (12)-(13)  that 


t\  1 pX(s,t) 

"(s’°  - Ti^yrty* 


(21) 


where 


\(s,t)  = (m-s)log  m + t log  n - ^ (n-t)s  + (m-s)t)  . 

Note  that  for  each  fixed  s,  X(s,t)  is  an  increasing  function  of  t,  and  for  each 
fixed  t * n/2,x(s,t)  is  a decreasing  function  of  s.  It  follows  that 

h/E 


and 


\(s,t)  < X(s,n/2)  < (m-s)log  m - - log  n) 

-<  (m-s)log  m - 1 ) 1 og  n 

x(s,t)  S \(m/2,t)  *,  J log  m + t log  n - »?E 
~ 5 log  m t log  n - ^n  log  n . 


(22) 


(23) 
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Now  suppose  that  s and  t are  in  the  ranges  associated  with  (b).  If, 
moreover, 

m-s  < (£-l)m/4  or  t < (C-l  )n/4 
then  it  follows  with  the  aid  of  (22)  and  (23)  that 

. i _ r 

A(s,t)  s log  n, 

whence  it  is  true  for  all  sufficiently  large  n that 

A(s,t)  J_ 

m+n 

and  the  desired  conclusion  follows  from  (21).  If,  on  the  other  hand,  (24)  fails 
then  it  follows  from  (5)  that 

fm-sT?V  4 exP((m_s)  + t - (m-s+Sjlog  m - (t+^)log  n + B?) 
where 

= - 1 og ( 2tt ) - (m-s+t+1  )log(;-l ) . 

Using  this  in  (15),  and  noting  that  Eb/mn  £ E/2,  we  have 

a(s,t)  x exp((m-s)  + t - Slogm  - Slogn  - B?  - E/2) 

1 1 

""  (5)  m+n  £(m-s )/4l ! It/ 4]  ! . 

That  completes  the  discussion  of  (b)  and  of  Lemma  1. 

LEMMA  2 Let  B'(m,n,E)  denote  the  set  of  all  members  of  B(m,n,E)  that  have  a 
component  wi th  more  than 

K(m,n,E)  a m + n - 2(2E/(m+n) ) * 

nodes.  If  the  positive  integers  m(l),  m(2),--*  and  E(l),  E(2),***  are  such 
that  m(n)  s n and  E(n)  < m(n)n  for  al_l^  n,  and  limn>ci 


(24) 


E(n)/(n  log  n)  > 1 , 
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then  the  probability  that  a random  member  of  B(m(n) ,n,E(n) ) belongs  to 
B' (m(n),n,E(n))  converges  to  1 as  n -+  ® . 


Proof.  We  show  first  that 

each  member  G of  B(m,n,E)  has  a component  with  at  least  K(m,n,E)  nodes.  (25) 

Indeed,  if  r is  the  number  of  components  of  G that  have  more  than  one  node, 
and  the  ith  of  these  components  has  k^  nodes  in  the  set  M and  nodes 
in  the  set  N,  then  ki  >1  < 

zi=l  ki  * m»  zi=i  s n>  and  zi=i  ki£i  * E • 


Since  r < m. 


2 

Mn  * l * = (?) 


1 <isr  i i * m " m+n  v 

and  hence 

maxlsisr  <W  2 K 
It  follows  from  (25)  that 


|B(m,n,E)  - B'(m,n,E)| 


“ zK*s+tsm+n-K 


(m)(n)(mn-(n-t)s-(m-s)t 


), 


(26) 


where  it  is  understood  that  s,  t > 1.  To  establish  (26),  consider  a graph  G e 
B(m,n,E)  - E?(m,n,E)  that  has  a largest  component  intersecting  M and  N in 
sets  S and  T respectively,  with  |S|  = s and  |T|  = t.  Then  K < s+t  < m+n-K 

and  the  pair  (S,T)  can  be  chosen  in  (g)(t)  ways.  For  each  such  choice  there 
are  at  most 

^mn-(n-t)s-(m-s)t j 

ways  of  choosing  the  edges  of  G,  because  no  edge  can  join  S to  N'T  or  T to 
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From  (26)  and  Lenina  1 it  follows  that 
|B(m,n,E)'B'(m,n,E)| 


TB'Oh'.n.T)  I 


1 


■ ; KsS+tim+n-K  s 


1 


< 2lsiUt.K.sn  [s72jflt7?I!  + Sim/2<ssm,lst  Ifi^WTPT 


1 


+ h - - 

n‘ n/2vtsn,lss  Ls/^j  !~\J n - 1")741 7 


- / » 1 w » ] . 

< tUs-l  Is7?]TKi:t-LK/2lW2r) 

* n<  's-i  tsAn)(’t-i  it  Ay: 1 

< 2(2e)(2Zr.lK/41  Jr)  * f(4e)?  - 0 
because  K - (E/n)-  ■*  »>  as  n * * . That  settles  Lemma  2. 


THEOREM  1 If  the  positive  integers  m(l ),m(2), ■ • • and  E(1 ) «E(2) , • * • are  such 
that  m(n)  ^ n and  E(n)  * m(n)n  for  all  n,  and 

11m  Inf^  E(n)/(n  log  n ) -»  1 , 

then  the  probabil ity  P^(m(n),n,E(n))  that  a random  member  of  B(m(n),n,E(n)) 
is  connected  converges  to  1 as  n -*■  «* . 


, Proof.  Consideration  of  the  natural  subgraph  correspondence  shows  that  if 

F * E then  P^(m,n,F)  * P^(m,n,E).  Hence  we  may  assume  without  loss  of  general  Ity 

that  the  sequence  (E(n)/(n  log  n))  , , ...  converges  to  a real  number  \ > 1. 

n* I \Cy 

In  view  of  Lenina  2,  it  suffices  to  show  that  Q(m,n,E)  + 0,  where  Q(m,n,E)  is 
the  probability  that  a random  member  of  B(m,n,E)  is  disconnected  and  belongs  to 
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Note  first  that 


Q(m,n,E) 


‘liS+tiK 


fl"Wnl,v*t 

's  't'  ' r**0 


(27) 


For  consider  a disconnected  member  G of  B‘(m,n,E)  that  has  a largest  component 
Intersecting  M and  N In  sets  U and  V respectively,  where 
| U ) • m-s,  | V | • n-t,  and  1 * s+t  s.  K.  The  pair  (II, V)  can  be  chosen  In 

(™)(")  ways.  For  each  such  choice,  and  for  each  possible  number  r of  edges  G 

connecting  MU  to  N V,  there  are  (s^)  ways  of  choosing  those  edges  and 

( (ir»-s ) ( n~ t ) ) wayS  choosing  the  remaining  edges. 

Observe  next  that 


/ (m-s) (n-t),  ,/»>». 
( E_r  )/(E) 


/ E »r/t  E isn+tm-st-r 
(8)  W u • ifin' 


- (3) 

- (a)  ( jjwi ) r®xP( ”»•  ( s+t ) 1 og  n ) (28) 

with  p - S(l+')  . 

Here  the  first  step  requires  not  only  (8)  but  also  the  sort  of  argument  used  in 
proving  Lemma  7 of  12]  to  show  that  the  asymptotic  convergence  depends  only  on  n. 
Using  (28)  In  (27)  yields 


Q(m,n,E)  v 5]iS+t;iK  (J)(J)(exp(-u(sn)log  n)(: 


st 

r»o 


(St)(  f )’) 

v r ,vmn'  ' 


s 


(1)  ^lssHiK  sT  T!  ®xp  Hu-l)(sn)log  n)(l  ♦ Jn)St 
(3)  eUsHsK  sT  yy  ^P(-("-1)(s+t)log  n 4 ^ ) . 


(29) 


4.1 


Proof  of  Theorem  2 


LEMMA  3 The  number  of  members  of  B(m,n,E)  that  have  no  isolated  node  is 

rm  vn  , .Wjunum-klM), 


(30) 


Proof.  Consider  an  arbitrary  member  G of  B(m,n.E)  that  has  p isolated 
nodes  in  { 1 , * * - ,m>  and  q isolated  nodes  in  {m+1 , • • • ,m+n] . For  each  choice  of 
k nodes  in  {l.,-*»m}  and  i nodes  in  {m+1 , • • • ,m+n} , the  number  of  members  of 
B(m,n,E)  that  have  these  k+£  points  among  their  isolated  nodes  is  ( (m-k)(n-f) j 

If  this  count  is  repeated  over  all  possible  choices  of  k nodes  in  {l,*..,m} 
and  ( nodes  in  {m+1 , • • -m+n) , the  number  is  obtained  and  G 

is  counted  (£)(^)  times.  Thus  G is  counted 

t(G)  = rP  rP  (-1  )k+^(pHq) 

‘ k=0  “*■ 0 1 1 ’ ' k ' u ' 

times  in  (30).  Since  i:p=Q  (-l)k(p)  =0  if  p > 0 and  IP=Q  (-l)^(jj)  =0  if  g > 0, 
x(G)  is  0 or  1 according  as  p+q  >0  or  p = q = 0. 

LEMMA  4 Let  On(k,C)  * the  positive  integers  E(1),E(2). 

2 

•••  are  such  that  E(n)  $ n for  alj  n and  limn^v  (E(n)/n)  - log  n = \ «■  ® , then 
for  all  sufficiently  large  n it  is  true  that  ®n(k,f)  v 1 / lk/4J ! U'/4J ! whenever 
k,£  and  n are  nonnegative  Integers  with  k s n,  { > n,  k+(  2 2n1//3,  and 
E(n)  s (n-k)(n-£)  . 


4.2 


Proof.  Note  first  that 
°n(M)  5 (1,2)  j£^(l  - 

n 

* ^rjrexp((k+f)1og  n - (k+£)^  + ~ £) 

■<  j^r^rexp(2(l -A ) ( k+£)  + ^-log  n), 

where  the  third  inequality  is  a consequence  of  the  facts  that  k£/n  k+£  and 
A-1  -<  (E/n)  - log  n -<  X+l . 

By  symmetry  we  may  assume  k s £,  whence  l i If  k < n^  then 

(k£  log  n)/n  < n1/6log  n,  and  with  the  aid  of  Stirling's  formula  (5)  it  follows 

that  for  all  sufficiently  large  n, 

0n(k,£)  < klexp(-log^  - (£+la)log  £ + £+  2(l-x)(k+£)  + n^®  log  n) 

* kTi mr.  • 

If  k > n1/6  we  may  apply  Stirling's  formula  to  both  k.’  and  £.'  to  obtain,  for 
suitable  constants  A,B  and  C and  for  all  sufficiently  large  n, 

Pn(k,0  < exp((-£  - k - £)log  n + Ak  + B£  + C) 

< exp(-£  log  n + Ak  + B£  + C) 

1.1  1 

- U7?TT  - TK74)T  Tf7*]T  • 


2 

THEOREM  2 If  the  positive  integers  E(1  ),E(2), • • • are  sjjeh  that  E(n)  < n for  all 
n and  11mn>^  (E(n)/n)  - log  n * \ < then  the  probability  P2(n)  that  a random 

member  of  B(n,n,E(n))  has  no  isolated  node  converges  to  exp(-2e~X)  as  n - . 


4 


4.3 


Proof.  Note  that 


exp(-2e'X)  - ^sQ(-l )2s2e‘Xs/s.' 


while  It  follows  from  Lemma  3 that 

P2(n)  ■ t\%  (-l)\(s)  with  f„(s)  ■ tk+t.s  on(k.f) 


(31) 


Hence  for  each  pair  of  positive  integers  n and  s'. 


|P2(n)  - exp(-2e’X) | 


.s’ 


e l,  U_l/3|  c 

(fnCs)  - 2se"xs/s.'  | ♦ lrs=s'+l  (‘1 ) Sfn( s ) ! 


s=0 


+ E 


2n 


H)*fn(s)l  * (-i)W,s/s: 


.r2n'/3i 


(32) 


To  prove  Theorem  2 we  show  that  for  each  c s 0 there  exists  s'  and  n'  such 
that  each  of  the  summands  on  the  right  of  (32)  is  less  than  f for  all  n i n'  . 
The  first  step  is  to  produce  positive  integers  n^  and  s i such  that 

J/3i 


f (s)  > f (s+1)  whenever  n > n-  and  s,  s s ^ f2n  ' 1 . 
n n j i 

To  do  this,  first  apply  (8)  to  fixed  k and  £ with  k+£  i f2n^l  to  obtain 


(33) 


((n-kHn-£))/(n2)  . (1  . E}(k+£)(k-£)  exp([.k^)n-kC  + 

n^ 


2n 


exp(-E(k+£)/n)  . 


(34) 


Then  analyze  the  arguments  leading  to  (8)  to  verify  that  the  convergence  in  (34) 
is  uniform  over  all  (k,£)  with  k+E  < fcn^l.  (The  details  are  similar  to 
those  in  the  proof  of  Lemma  7 in  [2].)  Hence  there  exists  n,  such  that 


Se-E(k+f)/n  . ((n-k)(n-£))/(n2)  ^ 2e-E(k+E)/n 


whenever  n > n1  and  k+£  s fcn1^3].  Also,  there  exists  n?  such  that 


L 


4.4 


nr  s <-  TT 


whenever  n > n2  and  t < 2n^3.  Thus  for  n * maxin^n^  and  k+£  < T2n1/,31, 

0 (k,£)  c l**,4]e'E(k+£)/n  nk+£/kl£! 


1 2s 
'k+£=s  'km  “ Fl- 


it follows  from  (31)  and  (35) -(36)  that 


fn(s)  c tU,4]2s  e'Es/n  ns/sl 


and  hence 


fp(s+l)  < 2s+1-4e'E(s+1)/n  ns+1/(s+l)l  < 2se"Es/n  ns/4s!  < fp(s) 

2\ 

whenever  s * 32e  . Thus  (33)  holds  with 

s-j  = 32ev  and  n^  = maxfn^  »n2,s.j  3/8L 

For  fixed  k and  i it  follows  with  the  aid  of  (34)  that  as  n -*•  «-  , 
k!£!On(k,£)  - nk+texp(-E(k+£)/n)  = exp((k+£)(log  n - E/n))  - e~X^k+^ 
and  hence  for  each  fixed  s it  follows  with  the  aid  of  (36)  that 

f«(s)  = Ek+f=$  e"x(k+£)/kl£:  « 2se"xs/sl  . 


n-*«  n' 


Now  choose  s'  2 s^  such  that 


IWti<-1>s2s''ls/‘M  < c 
2s'+le-x(s'tl)/(sit)),  , t 


By  Lemma  4, 


< (e“  , ,,  Vs.')2  0 as  n 

s-[nl/J/2j 


Hence  there  exists  n^  > n^  such  that 


lzs=rSn1/3l  M)Sfn(s)l  < e for  a11  n - n4‘ 

By  (37)  and  (39)  there  exists  n'  t n4  such  that 

Ss=0 |fn(s)-2se"Xs/s! | < c for  all  n > n' 

and  fn(s'+l ) < e for  all  n > n'  . 

Since,  by  (33),  it  is  true  for  each  n z n'  that  fn(s)  decreases  as  s 
increases  in  the  range  from  s'  to  it  follows  with  the  aid  of  (42) 

2n1/3  s 

that  |i;Is.+1  (-l)Sfn(s)|  < fn(s'+l)  < e . 

The  desired  conclusion  then  follows  from  (38), (40), (41)  and  (43). 


5.1 


Proof  of  Theorem  3 


LEMMA  5 If  A is  the  adjacency  matrix  of  a graph  G in  B(m,n),  and  A^  = (b.) 

~ 1 3 


3 n i m 

then  the  probability  that  b^  = 0 is  (^)  for  1 < i < j < m and  (^-)  for 


m+1  i i < j s m+n  . 


Proof.  There  is  an  m x n matrix  Q = (q..)  of  0‘s  and  l's  such  that 

* J 


[71 

and  A^  = 

•QQT  0 * 

T 

IQ  oj 

L o q'qJ 

Then 


btj  ’ "(lljl  W 


and  b.  . = s a 1 if  and  only  if  there  is  a choice  of  s indices  k such  that 
i j n 


m < k,  < k0  <•••<  k s n,  q-.  = q.. 


1 2 


qVJks  5 ' • 


and  at  least  one  of  q^  and  q.^,  is  0 for  each 


i c {m+1 , • • • ,m+n}  - 


Now  suppose  that  1 < i < j < m,  so  that  the  indices  k^,***,ks  may  be  chosen 


in  (")  ways.  For  each  such  choice  there  are  3n‘s  choices  for  the  values  of 


q^  and  q<p,  and  2^m‘^n  choices  for  the  values  of  the  qnu  with  u f {i,j>. 


— - _ ...  — — - --uv 

Thus  the  total  number  of  adjacency  matrices  A of  graphs  G e B(m,n)  such  that 

the  (1,j)  entry  of  A^  is  > 1 is 

3r2(n-2)rrn_)  (n)3-s  , 3r2(m-2)n((4)".,)  , 2««(1.(3)n) 


5.2 

Since  |B(m,n)|  * 2mn,  this  is  the  desired  value.  The  same  argument  applies  when 
m+1  s i < j sm+n  . 


THEOREM  3 If  the  positive  integers  m(l),  m( ?),•••  are  such  that  m(n)  * n for 
all  n,  and  lim  (log  n)/m(n)  * 0.  then  the  probability  P(m(n),n)  that  a 
random  member  of  B(m(n),n)  is  of  diameter  3 converges  to  1 as  n -»  «•  . 


Proof.  For  any  two  nodes  x and  y of  a graph  G,  let  «5g(x,y)  denote 
the  number  of  edges  in  the  shortest  path  joining  x to  y,  with  6g(x,y)  = «■ 

if  there  is  no  such  path.  Then  <s(G),  the  maximum  of  6g(x,y)  as  (x.y)  ranges 
over  all  pairs  of  nodes  of  G,  is  the  diameter  of  G. 

Let  B'(m,n)  denote  the  set  of  all  graphs  G <.  6(m,n)  such  that  for  each  pair 
of  nodes  in  the  set  M * {1 ,• • • ,m) \resp.  N = im+1 , • • • ,m+nl)  there  is  at  least  one 
common  G-neighbor  in  the  set  N (resp.  m).  Then  5(G)  = 3 whenever  G € B'(m.n) 
and  G is  not  a complete  bipartite  graph.  Plainly  6G(x,y)  = 2 when  x and  y 
are  both  in  M or  both  in  N.  Now  consider  an  arbitrary  pair  of  nodes  x < M and 
y t N that  are  not  joined  by  an  edge  of  G.  Then  of  course  5g(x,y)  i 3.  Let 
Let  x't  M-{x),  let  y'  t N be  a common  neighbor  of  x and  x',  and  let  x"  t M 
be  a common  neighbor  of  y and  y'  . Then  (x,y',x",y)  describes  a path  of  length 
3 from  x to  y.  Hence  5(G)  * 3 . 

Plainly 

P(m,n)  i 1 - Q(m,n)  - R(m,n)  - 2‘mn, 

where  Q(m,n)  (resp.  R(m,n))  is  the  probability,  for  a random  G c B(m,n),  that  some 
two  nodes  in  M ^resp.  n)  fail  to  have  a common  neighbor  in  N (resp.  M)  . 


L. 


I 


5.3 

By  the  preceding  lemma, 

Q(m.n)  < (J)(|)"  < n2(|)n  - 0 

and  R(m,n)  $ (JjjMy)  < n^(j) 

2 

Now  pick  c > 0 such  that  e < 4/3.  By  hypothesis,  log  n -<  cm,  whence 

n2(|>"  ■ (e">9  ")2(£f  - (|^*)’  - 0 

and  P(m,n)  1.  That  completes  the  proof. 

Theorem  3 is  a bipartite  analogue  of  Moon's  and  Moser's  observation  [3]  that 
if  G(n)  is  the  family  of  all  graphs  with  node-set  {l,---,n},  then  the  probability 
that  a random  member  of  G(n)  is  of  diameter  2 converges  to  1 as  n - . The 

conjecture  stated  in  the  introduction  is  a bipartite  analogue  of  the  theorem, 
established  in  [2],  that  if  d i 2 and  the  positive  integers  E ( 1 ) , E ( 2 ) , - • • are  such 

that  E(n)d"Vnd  + 0 and  E(n)d/nd+^)  - log  n -♦  « as  n -*  « , then  the  probability 

that  a random  member  of  G(n,E(n))  is  of  diameter  d converges  to  1 as  n -»  . 
Probably  the  conjecture  can  be  proved  by  adapting  the  computations  in  [2],  but  that 
would  be  a task  of  considerable  technical  difficulty. 

For  each  G < B(n,n),  let  G'  (resp.  G")  denote  the  graph  whose  node-set  is 
M {resp.  n)  and  whose  edges  are  those  pairs  {x,yl  of  nodes  for  which  <5g(x,y)  = 2. 

If  1 < m s n and  11m  (log  n)/m  s 0 then  the  expected  number  of  edges  of 

G'  {resp.  G")  , for  a random  member  G of  B(m,n,E),  is  of  the  order  of 

E2/n  resp.{E2/m)  as  n -*  <*> . If  the  appropriate  independence  (or  asymptotic 
Independence)  results  could  be  established,  then  G'  and  G"  could  be  treated  as 
random  members  of  G(m)  and  G(n)  respectively  and  the  conjecture  would  follow 
from  the  result  of  (2).  Even  lacking  this  independence,  the  methods  of  12]  might 
be  applicable. 
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